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Multi-plane light conversion allows to perform arbitrary transformations on a finite set of spatial
modes with no theoretical restriction to the quality of the transformation. Even though the number
of shaped modes is in general small, the number of modes transmitted by a multi-plane light con-
verter (MPLC) is extremely large. In this work, we aim to characterize the transmission properties
of a multi-plane light converter inside and, for the first time, outside the design-modes subspace.
By numerically reconstructing the transmission matrix of such systems, we individuate new ways
to evaluate their efficiency in performing the design transformation. Moreover, we develop an ana-
lytical random matrix model that suggests that in the regime of a large number of shaped modes
an MPLC behaves like a random scattering medium with limited number of controlled channels.
I. INTRODUCTION
The ability of shaping light’s spatial profile is crucial
for several different technologies such as imaging through
opaque media [1] and biological tissues [2], classical [3]
and quantum [4] communication, and quantum informa-
tion processing [5].
One of the first methods that has been used to manip-
ulate light’s spatial distribution was adaptive optics [6],
which uses deformable mirrors for the real-time correc-
tion of turbulence-induced phase distortions. Another
way to shape spatial modes of light is to control the
medium they propagate through, as it happens, e.g., in
photonic lanterns [7, 8]. In the latter, an array of single-
mode fibers is gradually merged into a multimode wave
guide such that the modes of the fibers are adiabatically
mapped into the modes of the wave guide. The prop-
agation medium can also be controlled dynamically, us-
ing, for instance, mechanical deformations in fibers in
the optical regime [9], or tunable metasurfaces in the mi-
crowave regime [10]. Alternatively, light’s spatial profile
can be manipulated via wave-front shaping in complex
scattering media [11, 12]. In this context, the propaga-
tion medium cannot be controlled. However, it supports
a very large number of spatial modes, and couples them
in a complex, but well defined, way. This fact can be
exploited to engineer the phase front of the incident light
in order to obtain the desired output spatial distribution.
A multi-plane light converter (MPLC) is a light-
shaping device that maps a set of input spatial modes
of light into a set of output modes by alternating free-
space propagation and phase modulations (see Fig. 1)
[13]. MPLCs can be designed using so-called wave-front-
matching techniques [14, 15] to determine the phase mod-
ulations necessary to perform a specific mode transfor-
mation. Such phase transformations are physically im-
plemented via reflecting phase plates [13]. The number
of degrees of freedom that an MPLC possesses (i.e. the
number of pixels of each phase mask) is much larger than
the number of shaped modes. Moreover, if we inject an
MPLC with a spatial mode other than the ones it is de-
signed to shape, the output light distribution is a speckle
pattern, similar to those observed in random scattering
media. Therefore, MPLCs can be considered as some-
thing in between a completely controlled mode shaping
device and a fully random scattering medium.
So far, the study of MPLCs focused on the design of
specific transformations involving a certain number of
modes and using a reasonably small number of phase
plates [13–17]. In this work, we aim to provide a more
comprehensive description of the transmission properties
of an MPLC, and in particular of its behaviour outside
the subset of modes that it is designed to shape. Apart
from its fundamental interest, this characterization has
a practical relevance. In fact, construction defects and
experimental imperfections (e.g. misalignment, modal
crosstalk, losses, etc.) lead to the injection of modes dif-
ferent from the design ones into the MPLC — which must
be taken into account for the design of physical devices.
By using tools commonly employed in the study of
scattering in complex optical media, in Sec. II, we
identify optical modes which are efficiently transmit-
ted through an MPLC. Among the latter are modes
which closely resemble the design modes and can be
used to evaluate the quality of the MPLC design. How-
ever, all other modes with high transmissivity resemble
speckle patterns. This suggests that, outside the design
subspace, an MPLC behaves like a random scattering
medium. In Sec. III, we confirm this idea by deriving
an analytical random matrix model that captures the es-
sential transmission properties of an MPLC. Finally, Sec.
IV concludes our work.
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2II. TRANSMISSION PROPERTIES OF MPLCS
We now set out to fully characterize the transmission
properties of some specific MPLCs matching particu-
lar industrial requirements that we detail in Sec. II A.
To this goal, we numerically propagate a basis of input
modes through the successions of phase plates that de-
fine some particular MPLC systems. We then project the
transmitted modes on an output-mode basis in order to
reconstruct the transmission matrix of the device. The
singular values and singular vectors of the latter fully
describe the transmission properties of the system.
A. Definition of the MPLC systems
The operation implemented by an MPLC is a mode-
basis change, which is characterized by the number of
basis elements Nm and their input and output spatial
profiles, which we label as {ui}1≤i≤Nm and {vi}1≤i≤Nm
respectively (top panel in Fig. 1). Such transformation
is performed by transmitting light trough a specific set of
Np phase plates of size mx×my pixels, placed at distance
L one from the other (bottom panel in Fig. 1).
A deterministic optimization algorithm takes as input
the details of the mode-basis change described above and
computes the phase profiles of the phase-plates. Two
metrics are taken into account when designing a system.
The first metric the design algorithm tries to maximize
is how close to the ideal mode basis change the transfor-
mation we implement is — that is how well the shaped
modes overlap with the design ones. The second figure
of merit that the algorithm considers is the crosstalk
between modes. For a perfect mode-basis change, all
crosstalk coefficients are equal to zero. However, im-
perfections in the transformation introduce non-zero co-
efficients. In many applications for which MPLC sys-
tems are used, such as communication and metrology,
crosstalk between modes is an important source of er-
rors. Accordingly, the design algorithm tries to minimize
modal crosstalk.
Another design characteristic of these systems is the
set of optimization constraints taken into account at the
phase plate design level. Indeed, all these systems are
designed in an industrial setting with the goal of being
physically implemented. This set of constraints aims at
matching the physical characteristics of the numerically
generated phase plates with the available manufacturing
capabilities.
The above mentioned criteria are common to all the
MPLCs analysed in this work. New criteria (different
from the design ones) to evaluate the performance of an
MPLC will emerge from the transmission matrix analysis
presented in the following sections. However, let us stress
that our study aims at analysing these existing systems
with a novel perspective to better understand their prop-
erties — not at modifying their design settings. This ap-
proach distinguishes our research from other theoretical
FIG. 1. (top) Schematic representation of an MPLC designed
to transform Nm input modes {ui}1≤i≤Nm into Nm output
modes {vi}1≤i≤Nm . (bottom) The desired mode transforma-
tion is implemented via a series of NP phase plates connected
by free space propagation for a distance L.
works that focused instead on exact methods to design
MPLCs [18].
B. Construction of the MPLC transmission matrix
We now construct the transmission matrices for a zoo
of MPLCs mapping series of spatially separated Gaussian
spots into different types of modes (free space modes,
fiber modes, etc.). However, we restrict ourselves to the
study of devices that have been physically constructed
according to the criteria specified in Sec. II A, and for
which the validity of the prediction of our numerical prop-
agation routine has already been verified experimentally.
The transmission matrix t of an optical device maps P
input modes {φi}1≤i≤P into Q output modes {ψi}1≤i≤Q
according to
ψi =
P∑
j=1
tijφj . (1)
As the output mode basis {ψi}1≤i≤Q, we choose the pixel
basis, for which Q = mx ×my is the number of pixels of
3the actual phase plates. This is a natural choice, since
this is the basis used by the phase-matching algorithm to
determine the phase plates of a particular MPLC.
It is tempting to choose the pixel basis also for the in-
put modes {φi}1≤i≤P . However, for typical MPLC sys-
tems Q is fairly large (150 000 ≤ Q ≤ 400 000) and a
matrix of size Q × Q would be numerically intractable.
We therefore chose a mode basis for which a limited num-
ber P  Q of modes can accurately describe the input
of the system. A basis satisfying this requirement is con-
stituted by the Hermite-Gauss (HG) modes, which are
constructed as a product of nx and ny modes in the x
and y directions, meaning P = nx × ny. In particu-
lar, in our numerical simulations we considered P = 645
(nx = 15 and ny = 43).
Our choice for the input-mode basis is justified by the
fact that more than often the inputs of an MPLC sys-
tem are spatially separated Gaussian modes. Because of
experimental imperfections (e.g. misalignment) and con-
struction defects (e.g. errors in positioning the phase
plates), in practice, the spatial parameters (displace-
ment, tilt, waist size, defocus) of these modes will be
altered. Such modified Gaussian modes can be well ap-
proximated by a linear combination of a small number
of HG modes. On the other hand, we have no a priori
information on the output modes of a misaligned MPLC,
but we have experimental evidences that they look like
speckle patterns. The high spatial resolution necessary
to accurately describe such patterns is guaranteed by our
choice of representing the output field with a large num-
ber of pixel modes.
Finally, to ensure that our numerical representation of
the transmission matrix t is accurate, we tested differ-
ent types of mode basis and of mode-basis sizes without
spotting any notable difference.
C. Singular value decomposition
Several important properties of a scattering medium,
e.g. its total transmissivity, can be obtained from the
singular value decomposition (SVD) of its transmission
matrix t [11]. The latter is defined as,
t = UDV †, (2)
where U and V are unitary matrices of dimensions Q×Q
and P ×P , while D = diag(τ1, · · · , τP) is Q×P diagonal
matrix containing the P singular values τ of t. The sin-
gular values can be calculated as the square roots of the
standard eigenvalues T of the P × P Hermitian matrix
t†t, i.e. τ =
√
T [11].
For a perfectly-designed MPLC, the first Nm singular
values are exactly equal to one, i.e.
D = diag(
Nm︷ ︸︸ ︷
1, · · · , 1,
P−Nm︷ ︸︸ ︷
τNm+1 , · · · , τP ), (3)
while the first Nm left and right singular vectors, con-
tained in U and V respectively, are given by orthogonal
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FIG. 2. Singular values for different MPLC systems with
Nm = 6, 10, 15, 9 and Np = 14, 14, 20, 14. On the left we
plot all the singular values while on the right we only plot
the 30 largest ones. The systems corresponding to the first
three rows where designed to manipulate the guided modes
of three different optical fibres, while the one in the last row
was designed to shape Laguerre-Gaussian modes.
linear combinations of the output ({vi}1≤i≤Nm) and in-
put ({ui}1≤i≤Nm) design modes.
In practical implementations, a combination of subop-
timal design and losses induces a deviation of the first
Nm singular values from unity. For the same reasons,
the first Nm singular vectors of a realistic device will ac-
quire finite contributions from modes different from the
design ones. These deviations can therefore be used to
evaluate the quality of the design of an MPLC. On the
other hand, the other P − Nm singular values and sin-
gular vectors describe the transmission properties of the
device outside of the design subspace.
In Fig. 2, we plot the singular values of four differ-
ent MPLCs, which are distinguished by the number of
shaped modes (Nm = 6, 10, 15, 9), as well as the number
4Superposition of design modes Speckle-like modes
FIG. 3. Left (top row) and right (bottom row) singular modes {Ui}1≤i≤Q and {Vi}1≤i≤P of the MPLC with Nm = 6 and
NP = 14, whose singular values are showed in the top panel of Fig. 2. The axes of the numerical grid have the same size as
the actual phase plates of the device and are centred with respect to them.
of phase plates (Np = 14, 14, 20, 14) used to construct
them. All four systems map spatially separated Gaussian
spots in the input plane (the modes {ui}1≤i≤Nm) into a
set of orthogonal co-propagating modes {vi}1≤i≤Nm . For
the systems corresponding to the first three rows in Fig.
2, the output modes {vi}1≤i≤Nm are the guided modes
of different different types of optical fibers, while for the
one corresponding to the bottom row they are Laguerre-
Gauss (LG) modes.
In the first three rows of Fig. 2, we observe that the
first Nm singular values stand out from the others: a gap
appears. This feature is not surprising since these sys-
tems are optimized to shape and transmit preferentially
Nm modes. However, this behaviour is not systematic, as
we can see in the bottom row of Fig. 2, where no clear dif-
ference can be seen between the first Nm singular values
and the rest of them. This fact may be a signature of the
poorer performances (in terms of transmission losses) of
the conversion to LG-modes when compared to the trans-
formations to fiber-modes performed by the other three
devices. However, it should be noted that even when
present, this gap is fairly small. In fact, the number of
modes which are transmitted with very high efficiency
(see the right column of Fig. 2) is in any case much
higher than the number of design modes. Moreover, it
should be noted that the MPLCs associated with the
singular-value distributions in Fig. 2 are all multiplex-
ing devices constructed for communication purposes. In
this context, keeping a low crosstalk is not less important
than reducing the losses in the device. As was specified
in section II A, this was taken into account by the opti-
mization algorithm used to design the phase plates. In
a different context, an optimization algorithm which fo-
cuses on reducing losses could be used to enhance this
gap between the first Nm singular values and the others.
Let us now have a look at the left and right singular
modes {Ui}1≤i≤Q and {Vi}1≤i≤P of the transmission ma-
trix t, which are obtained from the unitary matrices U
and V according to
Ui =
Q∑
k=1
Ui,kφk, (4)
Vi =
P∑
k=1
Vi,kψk, (5)
In all analysed cases, the first Nm singular modes are
linear superpositions of the design modes. This is evi-
dent in Fig. 3 where some singular modes of an MPLC
designed to map Nm = 6 Gaussian spots aligned along
the y−direction into an equal number of modes of an op-
tical fiber are showed. We can clearly see (top row of
Fig. 3) that the right singular modes corresponding to
the 6 largest singular values (U1−U6) of this MPLC cor-
respond to a linear superposition of the above mentioned
Gaussian spots. Analogously, V1 − V6 have a quite regu-
lar structure corresponding to linear superposition of the
design fiber modes. The fact that the singular modes
closely resembles the design modes is a signature of the
high quality of the studied MPLCs.
On the other hand, all other singular modes bear no
resemblance with the design modes, and especially in the
output plane, look like speckle patterns (see U7, U8, and
V7, V8 in Fig. 2). This suggest that, outside the de-
sign subspace, an MPLC essentially behave like a ran-
dom scattering medium. In the following section, we will
5exploit this observation to derive an analytical model for
the transmission properties of an MPLC.
III. ANALYTICAL THEORY
Let us therefore consider an MPLC as a scattering sys-
tem. As such, it can be described by a 2N×2N scattering
matrix
S =
(
r0 t
′
0
t0 r
′
0
)
, (6)
with N the total number of spatial modes supported by
the system. Accordingly, r0 (r
′
0) and t0 (t
′
0) are blocks of
size N ×N and determine the amplitudes of the modes
which, incoming from the left (right) in Fig. 1, are, re-
spectively, reflected and transmitted by the MPLC. In
real devices, diffraction causes a portion of the injected
light to go beyond the physical extent of the phase plates.
This effect limits the number of spatial modes that can be
controlled by a particular system. Therefore, in practice,
one does not have access to the full transmission matrix
t0, but rather to a submatrix t which is obtained by fil-
tering t0, i.e. by removing N −N1 columns and N −N2
rows of t0. Here, N1 and N2 represent the number of
spatial modes that can be controlled in the input and
output planes respectively. We will refer to these modes
as the controllable modes. They are determined by physi-
cal constraint of the system, and are in general unknown.
The reader should not confuse them with the modes the
system is designed to shape, nor with the modes φi and
ψi we used in Sec. II to obtain an accurate numerical
representation of t.
Given that a perfect scattering system does not have
losses, its scattering matrix S is by definition unitary:
S†S = 1. In addition, given the high dimensionality
and complexity of an MPLC, for the sake of finding an
analytical model for its transmission properties, we will
assume its scattering matrix to be random. This assump-
tion cannot be exactly valid since the action of an MPLC
within the design-modes subspace is always fully deter-
mined. However, the speckle structure of the singular
modes we observed in Sec. II recalls the behaviour of a
random scattering medium. Moreover, when increasing
the number Nm of modes to be shaped, in order to resolve
finer spatial structures, the patterns to be impressed on
the phase plates also get finer, and, thereby, look more
random. Therefore, we expect the assumption that S is
random to be able to capture the transmission property
of an MPLC especially for large values of Nm.
Considering the transmission matrix S as random al-
lows us to use filtered random matrix (FRM) theory
to derive the probability distribution of the eigenvalues
ρt†t(T ) of the matrix t
†t, which is related to the singular-
value density ρt(τ) of the transmission matrix t according
to ρt(τ) = 2τρt†t(τ
2) (see Sec. II).
A. Filtered random matrix model
Let us notice that the extraction of the transmission
matrix t0 from the scattering matrix S can be considered
as a filtering where N rows and N columns are removed.
Accordingly, t is obtained from two successive filtering,
a first one to extract t0 from S, and a second to extract
t from t0. In the following, we recall the general FRM
formalism, and then we apply it twice to derive ρt†t(T ).
Given an M × M random matrix A, the eigenvalue
density of the Hermitian matrix A†A is given by
ρA†A(T ) = −
1
pi
lim
→0
Im [gA†A(T + i)] , (7)
where we have introduced the resolvent
gA†A(z) =
1
M
〈
Tr
1
z−A†A
〉
, (8)
with 〈· · · 〉 denoting the disorder average [19]. Let us now
consider the filtered random matrix
A˜ = P2AP1, (9)
with P1 and P2 two matrices of sizes M×M1 and M2×M ,
respectively, that eliminate M−M1 columns and M−M2
rows of A. The resolvent gA˜†A˜(z) of A˜
†A˜ is connected to
gA†A(z) by the FRM equation [20]
N(z)gA†A
(
N2(z)
D(z)
)
= D(z), (10)
where N(z) and D(z) are defined according to
N(z) = zm1gA˜†A˜(z) + 1−m1, (11a)
D(z) = m1gA˜†A˜(z) [zm1gA˜†A˜(z) +m2 −m1] , (11b)
with the filtering parameters m1 = M1/M and m2 =
M2/M .
Let us now apply the FRM equation (10) to derive
the resolvent of t†0t0 from the one of S
†S. By using the
unitarity of S and Eq. (8), we have gS†S(z) = 1/(z − 1),
which, together with Eq. (10) with filtering parameters
m1 = m2 = 1/2, gives us
gt†0t0
(z) =
1√
z(z − 1) . (12)
The eigenvalue density associated with the resolvent (12)
[see Eq. (7)] corresponds to the well-known bimodal dis-
tribution associated to chaotic cavities [21]
ρt†0t0
(T ) =
1
pi
1√
T (1− T ) . (13)
We now apply Eq. (10) once more, this time with filter-
ing parameters m1 = N1/N and m2 = N2/N with N1
6and N2 the number of controllable modes, to obtain the
resolvent of t†t
gt†t (z) =
1
2m1z (1− z)
(
m1 −m2 + 2 (1−m1) z (14)
−
[
(m1 −m2)2 + 4z2 − 4 (m1 +m2 −m1m2) z
]1/2)
.
Finally, by using Eq. (7), we obtain the transmission-
eigenvalue density
ρt†t(T ) =
1
pi
√
(T+ − T ) (T − T−)
m1T (1− T )
+ max
(
1− m2
m1
, 0
)
δ (T ) (15)
with
T± =
m1 +m2 −m1m2 ±
√
m1m2 (2−m1) (2−m2)
2
.
(16)
B. Comparison with numerical results
Let us now compare the prediction of the FRM the-
ory with the numerical data obtained from the MPLCs
defined in Sec. II A. In general, the results of random
matrix theory are valid when an average over several el-
ements of an ensemble is considered. However, for large
enough matrices, a self-averaging argument can be in-
voked, i.e we can assume that a single matrix is sufficient
to represent the whole ensemble. The transmission ma-
trices t computed in section II satisfy this self-averaging
argument. Accordingly, we fit the probability distribu-
tion of the singular values, ρt(τ), extracted from the nu-
merical data presented in Sec. II C to those obtained
from Eq. (15).
The fits were performed by optimizing the parameters
m1 and m2 in order to maximize the similarity function
Σ defined as the area under the point-by-point minimum
of the data and the model curves (shaded area in Fig.
4). Given that the singular value distribution ρt(τ) is
normalized to unity, the similarity function Σ ∈ [0, 1].
The curves resulting from this fitting procedure for eight
different MPLCs are presented in Fig. 4. The corre-
sponding fitting parameters m1 and m2 are listed in table
I.
Fig. 4 shows that, for MPLCs designed to shape a
low number Nm of modes by using a low number NP of
phase plates, the distribution ρt(τ) presents a peak at low
singular values which correspond to singular modes with
low transmittance. Such a peak is not well fitted by our
analytical model. On the other hand, when increasing
the number Nm of shaped modes as well as the number
NP of phase plates, the numerical singular value distri-
butions are very well reproduced by FRM model. This
behaviour fits with our intuition that the assumption for
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FIG. 4. Full lines: singular value distribution obtained from
the numerical simulation of different MPLCs with Nm =
5, 8, 10, 13, 15, 17, 19, and NP = 14, 20. Dashed lines: filtered
random matrix model obtained from Eq. (15) that best fits
the data. The corresponding fit coefficients are presented in
table I. The shaded area represents the similarity function Σ
whose value is given in the upper right corner.
Nm 5 8 10 13 15 15 17 19
m1 0.87 0.68 0.64 0.56 0.47 0.46 0.52 0.49
m2 0.91 0.75 0.71 0.81 0.58 0.98 0.82 0.8
TABLE I. Fitting parameters m1 and m2 corresponding to
the curves presented in Fig. 4
the scattering matrix S being random is justified only for
systems designed to shape a large number of modes.
The third row of Fig. 4 shows the singular value
distributions of two MPLCs that use the same number
NP = 20 of phase plates to transform the same number
Nm = 15 of separated Gaussian spots into modes from
two different mode families (e.g. the guided modes of two
7different optical fibers). For both systems, our analytical
model fits quite well the numerical data, but with differ-
ent values of the fitting parameters (see in particular m2
in table I). We therefore conclude that, when the number
of shaped modes is large, the overall transmission proper-
ties of an MPLC are those of a random scattering system
with a limited number of controllable modes. However,
the different values of m1 and m2 tell us that the exact
number of controllable modes can be strongly influenced
by the spatial profile of the modes that the system is
designed to shape.
Moreover, by looking at the fit parameters in table I,
we note that m1 tends to get smaller when the number
of shaped modes Nm increases. This is probably due to
the fact that, in order to manipulate higher-order spatial
modes, it is necessary to enlarge the area of the pat-
terns inscribed onto the phase plates. As a consequence,
diffraction pushes more and more light beyond the edges
of the phase plates and the fraction of controlled chan-
nels, as quantified by m1 and m2 decreases.
IV. CONCLUSION
In this work, we presented a complete characteriza-
tion of the transmission properties of MPLC systems.
In particular, for the first time we investigated the be-
haviour of these systems outside the subspace of modes
that they are designed to shape. A first result of this
analysis is that the singular modes corresponding to the
largest Nm singular values are always given by a linear
superpositions of design modes, while all other singular
modes resemble speckled-like patterns. Together with
the numerical results, we introduced a FRM analytical
model, which very well captures the probability distribu-
tion of the singular values of systems designed to shape a
large number of modes. Such a good agreement with our
analytical model suggests that in these cases an MPLC
behaves like a random scattering medium with only a
limited number of controllable modes. Moreover, let us
point out that our theoretical analysis focused on physi-
cally constructed MPLCs, and therefore all the technical
and industrial limitations related with the fabrication of
the devices are already taken into account in our results.
The results of our analysis provide new elements to
evaluate and predict the performances of an MPLC. For
example, we could combine the fact that the largest
singular values are associated with the design modes,
with the prediction of our analytical model to put a
bound on the total transmittance of an MPLC. More-
over, our study of the transmission properties outside
of the design-mode subspace brings new parameters that
could be optimized in the construction of MPLCs. For in-
stance, we could enhance the gap between the largest Nm
singular values and the others. By doing so, we would en-
hance the losses experienced by injecting into the MPLC
modes outside of the design subspace, i.e. by misalign-
ing the system. The result would be a device that can
be easily aligned simply by monitoring the transmitted
power.
On a larger scope, these findings forge a connection
between highly tuned optical technology and the physics
of complex media. As such, we are exploring the tension
between, on the one hand, control and design, and, on
the other hand, disorder. Our results impose new fun-
damental questions, e.g., about the point at which the
system transitions towards the physics of a random op-
tical medium (as shown in Fig. 4). More microscopic
models will be needed to understand how the statistical
features of the MPLC ultimately sum up to reproduce
that statistics of a random matrix model, and to un-
derstand the role of different design parameters in this
process. Then, ultimately, we may hope to be able to
exploit the disorder physics that manifests in the system
to improve the design of such optical technology.
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